A PROBLEM ON SPREADING MODELS 



E. Odell and Th. Schlumprecht 

Abstract. It is proved that if a Banach space X has a basis (e„) satisfying every 
spreading model of a normahzed block basis of (e„) is 1-equivalent to the unit vector 
basis of (.\ (respectively, cq) then X contains (.\ (respectively, cq). Furthermore 
Tsirelson's space T is shown to have the property that every infinite dimensional 
subspace contains a sequence having spreading model 1-equivalent to the unit vector 
basis of ii. An equivalent norm is constructed on T so that ||si + S2II < 2 whenever 
(sn) is a spreading model of a normalized basic sequence in T. 

§0. Introduction. 

From the fact that £1 (and cq) are not distortable [J] it follows that if a Banach 
space X contains £1 (or cq) then some basic sequence (e^) in X has the property 
that every spreading model of a normalized block basis is 1-equivalent to the unit 
vector basis of £1 (or cq). In this paper we prove the converse statements. More 
generally we show 

Theorem A. Let (e^) he a basis for X 

a) // ||si + S2II =2 whenever {sn) is any spreading model of a normalized block 
basis of (ci), then X contains a subspace isomorphic to ii. 

b) // II si + S2II = 1 whenever (s^) is any spreading model of a normalized block 
basis of (ci), then X contains a subspace isomorphic to cq. 

The proof of a) will be achieved by showing that such an (e^) cannot be weakly 
null, if normalized. The proof will depend heavily on the theory of the generalized 
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Schreier classes of subsets of N as introduced in [AA] . We make strong use of recent 
results in [AMT] as well result from [AO]. 
From Theorem A we obtain the 

Corollary. Let (e^) be a basis for X. If X contains no subspace isomorphic to ii 
or Co then there exists a normalized block basis of (cj) having spreading model (sj) 
satisfying 



Theorem A a) is proved in §2 while part b) and the (easy) Corollary are proved 



In conjunction with Theorem A it is worth considering Tsirelson's space T. T is 
reflexive with an unconditional basis (ti) and yet all spreading models of normalized 
block bases of (ti) are 2-equivalent to the unit vector basis of ii. Furthermore we 
have 

Theorem B. Let X be an infinite dimensional subspace of T. Then there exists 
(xi) C X with spreading model 1-equivalent to the unit vector basis of £\. 

We prove this theorem in §4. Furthermore we show that T can be renormed to 
fail the conclusion of Theorem B. 

We do not know if Theorem A can be extended to £p (1 < p < oo). 

Problem. Let (e^) be a basis for X and 1 < p < oo. Suppose that every spreading 
model of any normalized block basis of (cj) is 1-equivalent to the unit vector basis 
of Ip. Does X contain either isomorphically or almost isometrically? 

§1 Preliminaries. 

Definition 1.1. Let (e^) be a normalized basic sequence. A basic sequence (s^) is 
a spreading model of (cj) if for some sequence £n i and all {ai)i C [—1, 1]"^ we 
have 



1 < ||si +S2II < 2 . 



in §3. 



n 



n 




< Sn whenever n < ki < ■ ■ ■ < 



"n 



1 



1 
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It is well known that every normalized basic sequence has a subsequence with 
a spreading model. Also (s^) is necessarily spreading (|| Yli '^i^iW — II Yli '^i^kiW if 
ki < k2 < ■ ■ ■ < kn)- If (cj) is weakly null then (si) is suppression- 1-unconditional 
(II YliF ^i^iW ^ II X]i ^i^ill if -P" ^ {1, . . . ,n}). These and other results on spreading 
models can be found in [BL] . 

[N] denotes the set of all subsequences of [N]. If M e [N], [M] is the set of all 
subsequences of M. [M]<'^ is the class of all finite subsets of M. If E,F e [N]<'^, 
< F" means that maxE < minF, "/c < E" means {k} < E. 

Definition 1.2. [AA] Generalized Schreier classes. The classes {Sa)a<u>i 

of 

collections of finite subsets of N are inductively defined as follows 

So = {{n} :neN} 

k 

Sa+i = ^E : E = [^Ei for some k eN and 
1 

k < El < ■ ■ ■ < Ek where Ei e Sa for i < /c| 

If q: is a limit ordinal, choose an ^ a and set 5*0 = {E : k < E E Sot,, for some 
A; e N}. We also consider the empty set e ^q, for all a. The definition of Sa 
depends upon this particular choice of but the results we use concerning the 
SaS are independent of that choice. 

The Schreier classes have played a prominent role in a number of recent papers 
(e.g., [AA], [AD], [AMT], [OTW], [AO]). 

If M = {rrii) e [N] and a < a;i, -S'q(M) = {{mi)i^F ■ F e Sa}- It is easy to see 
that Sa{M) C Sa- We also recall that the classes Sa (or Sa{M)) are all regular - 
By this we mean they are pointwise closed, hereditary {E C F E S^ => E E Sa) 
and spreading {{ni)i G Sa and mi < • • • < ruk with rrii > Ui for i < k implies that 
{mi)'l e Sa)- 

Proposition 1.3 [AO]. Let N e [N]. There exists M e [N] such that for all 
aKUl ifFeSa and F CM then F \ min(F) e Sa{N). 
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We also need some definitions and a result from [AMT] . Let 

Definition 1.4 [AMT]. If M = (mj) e [N] and (e^) is a normalized basic sequence 
we inductively define = a^{ei) for a < oji and n e N as follows 

0^ - e 



mi 

M 



mif 



a, 

1=1 

mif 



1=1 

where M' = {m E M : m > supp(Q; + 1)^} and m^^ = minM'. If a = limcu^ is a 
limit ordinal we set 

= («mi)i^ and for /c > 1 , = («nfe)t^'' 

where = {m E M : m > suppa^i} and Uk = minM^ . 

Proposition 1.5 [AMT]. 

1) For a < LOi, (a^) — {a^ {ei))'^^i is a convex block basis of (e^) with M = 
Un siipp(a^). Moreover suppct^ G for all n. 

2) IfM e[n],a< ui and {uk) G [N] then = where M' = (Jfe supp(a^). 

If a; = ^ aiCi e (cj) and F C N we define {x, F) = ^^^p ai. 

Definition 1.6 [AMT]. Let be an hereditary collection of subsets of N. Let 
M e [N], e > 0, a < uji and let (cj) be a normalized basic sequence. is (M, a, s) 
large if for all AT e [M] and n e N for = a^{ei), 

sup{a^,F) > e . 

Theorem 1.7 [AMT, Proposition 2.3.2 and Theorem 2.2.6]. IfJ^ is (M, a,s) large 
then there exists N G [M] with 
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§2. £i spreading models. 

In this section we prove 

Theorem 2.1. Let (cj) be a normalized basis for X having the property that \\si + 
S2II = 2 whenever (sn) is a spreading model of (xi) where xi = yi/\\yi\\ and (yi) 
is any convex block subsequence of (e^) satisfying limi \\yi\\ > 0. Then (e^) is not 
weakly null. Moreover for all e > there exists M — {rrii) e [N] and x* e S{X*) 
with x*{emi) > 1 — e for all i. 

From Theorem 2.1 it follows that in a space X whose block bases have only li as 
spreading model no block basis is weakly null. Thus in light of Rosenthal's theorem 
[R], Theorem A a) is a quick consequence of Theorem 2.1. 

The hypothesis yields that for all n, || Sj|| = 2" from which it follows that 
II Xli = k for all k. We shall use this below in the following way. Given e > 
there exists a subsequence (xn^.) of (xi) so that for all /c, ^||a;^j. + Xnf.j^^ + ■ ■ ■ + 
Xuk+rk-iW > 1 - £ where r/- = min(supp(a;nj), w.r.t. (e^). 

Proof. Given e > set 

.Fe = {F C N : there exists x* e S{X*) with x*{ei) > 1 - £ for z e F} . 

We shall prove by induction on a that (Pa) holds for all a < uji where 

{For all M e [N] and e > there exists 
N e [M] with J^s 2 Sa{N) . 

(Pq) is clear. If CK is a limit ordinal and Sa is defined via the sequence ocwe 
proceed as follows. Given M and e > we can choose, by the inductive hypothesis, 
M D A^i D A^2 ^ ■ • ■ so that J^^ ^ Sa„{Nn) for n e N. Let A^^ = {K)Zi and set 
A = (A;-)-i. Then J^,^S^{N). 

Finally assume that (P/3) holds and let M e [N] and a = (3+1. Let £ > and 
choose e' > so that s' < s/2. We may assume that J^g/ D Sp{M). 

Claim. There exists N e [M] so that T'ie is {N,a,e) large. 
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Indeed for n e N define 



An=\Le [M] : sup > e} . 



Then An is a pointwise closed subset of [N] and so ^ = An is Ramsey (see [E] , 
also [O]). Thus there exists N G [M] with either [A^] C ^ or [N] C [N] \ A. By 
passing to a subsequence of we may assume by Proposition 1.3, that for 7 < cji 
if F e Sj, F C N then F \ {min(F) e Sj{M)}. Furthermore we may assume that 
for all n, ||/?^||oo < for all L e [N]. (Indeed this holds if ni = minN satisfies 
rii^ < e' .) It follows that for all n, since supp/3^ \ min(supp/?^) e Si3{M) C J^^./, 
that \\(3^ II > 1 — 2e' . From the hypothesis of our theorem applied to Xn — Pn /\\(^n II 
we obtain a subsequence {Pnk)k^i satisfying for all k: 



1 

rk 



(*) f \K + /^n.,. + • • • + II > 1 - 3.' 



where = min(supp /?^). 

Let L = Ufc^^PP/^nl- Then by Proposition 1.5, = Hence from (*) and the 
definition of we have ||q!^|| > 1 — Se' for all n. 

Let n e N and x* e S{X*) with x*{a^) > 1 - 3s'. Write = YTi^^i^i and set 
F = {i : x*(ei) > l-Se}. Then XlieF*^* > ^ (otherwise x*(a^) < Yl,ieF^i'^'^~^^ - 
1 — 2£: < 1 — 3e'). Thus L E A and hence [A^] C A, whence the claim follows. Thus 
by Theorem 1.7, {Pa) holds (we actually proved {Pa) for 3£ replacing e). 

Since (Pa) holds for all a < a;i we obtain the "moreover" statement of the 
theorem. Indeed this follows easily from an argument of Bourgain [B] . Let T be the 
tree T = {{ni)i : ni < ■ ■ ■ < Uk and there exists x* E S{X*) with a;*(e„J > 1- e 
for i < k}. T is a closed tree and thus if T were well founded (no infinite branches) 
then the order of T is < a;i. But since (Pa) holds, the order of T > for all a. 
The latter holds since the order of Sa{N) is a;", as is well known (see e.g., [A A] or 
[OTW]). □ 

§3. Co spreading models. 
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In this section we prove Theorem A b) and the corollary. Note that the hypothesis 
yields that || ~ 1 ^- Also the hypothesis is satisfied if all spreading 

models of normalized block bases of (e^) are 1-equivalent to the unit vector basis 
of Co but this is a stronger condition than the hypothesis as the following example 
indicates. 

Example 3.1. Let || ajCjH = maxj^^ |aj — aj\. Then if X is the completion 
of ((ei), II • II), X satisfies the hypothesis of the theorem yet (cj), which is its own 
spreading model, is not 1-equivalent to the unit vector basis of cq. 

Assume that X has a basis (e^) satisfying the hypothesis of b). We break the 
proof into several steps. For a, 6 e {ei) we write "a < 6" if supp(a) < supp(6). 

Step 1. For all £ > and £ G N there exists m e N so that for all o > with 
||a|| = 1 there exists 6i < • • • < 6^ < Cm, ||^>i|| = 1 for i < such that for all 
1 < q < p < £ and 5 = or 1, 



- 1 



< e 



Proof. If not then there exists e > and i eN such that for all m e N there exists 
«m > Cm,, ||am,|| = 1 so that for all 6i < ■ ■ • < 6^ < e^, ||6j|| = 1 there exists 
1 < 9m ^ Pm ^ £ with for some 5^ = or 1, 

Pm 



- 1 



> e 



Choose a subsequence (a^.) of (a^) having a spreading model (s^). Since || Si|| - 

1 = II Sill, we may assume that | || '^mi + SO"m,e+i II ~ l| < s for all q < p < £ 
and 5 = or 1 and that < e^^+i • This contradicts our choice of am,^+i • 

Let Ei I with < 1- Applying Step 1 to £ = £i and £ = 2 we obtain nii 

so that for all a > emi, ||a|| = 1 there exist xi < yi < Cmi, ||a;i|| = ||yi|| = 1 and 



\xi + yi + a\\ — l\ < El and \\yi + a|| — 1 < Si 
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Step 2. There exist 1 = mo < mi < m2 < ■ ■ ■ such that for all k and a > Cm^, 
\\a\\ = 1, there exists xi < yi < < X2 < y2 < e^a < ■ ■ ■ < Xk < Vk < 
satisfying | ||a;i|| — l| < e^, | — l| < €i ior i < k and for all F C {1, 2, . . . , /c} 

k k 



Proof. We proceed by induction on k. The case k = 1 was presented above. Assume 
mi < • • • < mfc-i have been chosen. Let £ > satisfy + {2k — 2)e < e^- We can, 
by a compactness argument, find I so that if the induction hypothesis for k — 1 is 
applied to each of £ different a's > e^fc.!, say (a^)f , then if {x'^)'l~^ , {y^)\~^ satisfy 
Step 2 for a^, for some n ^ m < I vje have ||a;" — a;^||, — < £ for i < /c — 1. 
Choose ruk by Step 1 applied for this £ and £ to {'^i)'i^rnk-i+i- ^ ^ with 
||a|| = 1. Choose e^^_j < 6i < • • • < 6^ < e^^ < a to satisfy 
p 



y^^bj + da 



<eioTl<q<p<e, 6 = 0,1 



By Step 2 (for k — 1) there exists for 1 < < < < e^,^ < • • • < 



SO that I Wx'^W — l| 



1 < £i for i < /c — 1 and so that for 



FC{1,...,A;-1}, 



fc-1 



fc-1 



Thus 



fc-1 



fc-1 



Choose q' < q so that ||a;|' — a;? ||, — || < £ for z < A; — 1. Let Xk = Y^l, ^ h, 



and yk = Y^q^i- We have | ||a;fe|| - l|, | ||yfc|| - l| < £ and for F C {1, . . . , A; - 1} 

fc-1 fc-1 

1) II E < + E y'i + yfe + a|| < 1 + E + > 

F 1 1 

fc-1 fc-1 

2) ||E^?' + E^»''+^'^+^'^+^|| < i+E^» + i37 • 
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It follows that if we set Xi = xj, yi = y1 for i < k — 1 then for F C {1, . . . , k} 



k 



k-i 



3) II J]a;i + J]yi + a < 1 + J] + + (2A; - 2)£ . 

F 1 i=l ^ 

Thus Step 2 follows by our choice of e. 

Applying Step 2 to an arbitrary a/. > e^^., \\ak\\ = 1 we obtain that for all k 
there exists x^ < e {^j)ml-i+i ^^^^ \ W^iW — l|) | — l| < Si for i < k and 
also for F C {1, . . . , k}, 



< 2 



It follows that II X^^a;f II < 4. 

Choose (kj) e [N] so that for all i, linij^oo a^^^^ = Xi exists. We have for all 

F e [N]<'^, 

||^^3;i||<4 and | ||xj|| — l| < 1 + £j . 

F 

Thus {xi) is equivalent to the unit vector basis of cq. □ 

We end this section by presenting the 

Proof of corollary to Theorem A. 

If the corollary is false then all such s^'s satisfy ||si + S2II = 1 or 2 and by 
Theorem A both occur. Choose and (2;^), normalized block bases of (e^) 
with spreading models (si) and (ti), respectively, satisfying ||si + S2II = 1 and 
11^1 + ^2!! — 2. We may assume that {yi, Zi,y2, Z2, ■ ■ ■) is a block basis of (e^). 
Furthermore, by a diagonal argument, we may assume that {ay^ + /32n)^i has 
a spreading model (s""'')^i for all a,/? e IR (not both 0). Now s^'° = Sn and 



,0,1 



tn- There exists a continuous curve 7 : [0, 1] 



^ 7(t) = ia{t),p{t)) so 



that ||s«W'^(*)|| = 1 for all t e [0, 1] and 7(0) = (1, 0), 7(1) = (0, 1). We thus obtain 
by continuity that for all r e (1, 2) there exists t with 



Mt),m , Mt),p{t) 

'1 "T *o 



= r . 



□ 
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Remark 3.2. Let (e^) be a basis for X and let I{X) = {r : there exists a normalized 
block basis of (e^) having spreading model (sj) with + S2II = r}. The proof 
shows that I{X) is a subinterval of [1, 2]. 

In the next section, Proposition 4.4, we shall see that I{X) need not be closed. 
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§4. Theorem B and spreading models of T. 

If (ci) is a basic sequence and G (e^) we say that x equals y in distribution 
{x = y) if there exist (n(i)), {m{i)) e [N] so that X]^(^)^n(i) = X] J/(^)em(i)- The 
distance in distribution between x and y is defined as 



d{x, y) = inf { ||x — y|| : x = x and y = y} 



For E C N we set Ex = ^^^e 

In order to prove Theorem B we first prove 

Proposition 4.1. Let (e^) be a normalized basic sequence having spreading model 
(sj) which is K -equivalent to the unit vector basis of £i. Assume that there exists a 
normalized block basis (xi) of (sj) which satisfies 

1) Hnii ll^Cill^^ = K and 

2) (xj) is Cauchy in distribution 

(i.e., for all € > there exists uq with d{xn,Xm) < s if n,m > uq). Then there 
exists a block basis (yi) of (cj) having spreading model 1-equivalent to the unit vector 
basis of £i. 

Proof. Let Xi = J2jeAi ^j^j some choice of scalars and sets of integers Ai < 
A2< 

Using 1), 2) and the fact that (si) is K-equivalent to the unit vector basis of £i 
we have the foUowing. 

3) For all £ > there exists no G N so that for all n > uq there exists = 
Fn{£) Q An with \Fn\ < l^nol, ll-P^n^CnU^i > K - s, d{FnX„,x„^) < s and 
T.ieA„\F„ < ^■ 

Forn e N set yn = EieA„ Let G N and (ai)^ C M with \ai\ = 1- If 

no < ui < • ■ ■ < Uk then from 3) we obtain 

k k 



s . 
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Also 



Thus for all £ > 0, 



k 

ni<---<nfe 1 



|Jsupp(F„.ynJ 



< k\A 



no I 



- ^k^j^ II l]oiF„.(£)a;, 

ni<---<nfe 1 

1 II ^ 



ni<n2<---<nfe 



e > 



K-e 



K 



where || ■ refers to the £i-norm w.r.t. the coordinates (s^). Since lim^ \\yn\\ = 1 
(e.g., use 3) ) we obtain that [yn) has a spreading model 1-equivalent to the unit 
vector basis of £i. □ 

Our argument was motivated by [J]. 

T (sec e.g., [CS], [FJ]) is the completion of the linear space of finitely supported 
real valued sequences under the implicit norm 



\x\ 



\x\\oo V sup< \ ^ \\Eix\\ :neN, n < Ei < ■ • ■ < E^y ■ 
^ i=i J 



Proof of Theorem B. We may assume that X has a basis {hi) which is a block basis 
of {ti), the unit vector basis for T. Let (e^) be a normalized block basis of {hi) 
where Cj is a (1 + £i) — average for some sequences rrii ] oo and Si [ Q. Thus 
Cj = (X^i*' <^j)/|| where {ojj)^^ a normalized block basis of (6„) which is 

(1 + £j)-equivalent to the unit vector basis of By passing to a subsequence we 
may assume that (e^) has a spreading model (sj). 

Let X e {ti) be fixed with x <tn and let k eN, (ai)i C M. Then 



nl^^oo «^pU 5^ |ki ( ^ + 5^ '^^e^i ) 

ii<-"<nfc j=i V 1 / 

k 

< \\x\\ + I ^2 Wi\ ■ 



<Ei<-<E£, e<n 
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This follows from the fact that since e„. is a (1 + 8^) — ^r"* average 

lim sup< I ^ WEjaiCm \\ : £ < Ei < ■ ■ ■ < Ei , £ < n 

1 1 Oil (see e.g., [OTW]). 



~ 2 

It follows that 



k / ^ \ 

^aiSi < supl \ai\ + ^ \aj\ I 
1 ' ^ i+i / 



However since linij ||ej||oo = if k is fixed and e > 0, then for i sufficiently large 
we have for some choice oi Ei < ■ ■ ■ < Eg that 1 = ||ei|| < ^ Xli ll-^j^dl + ^ where 
£ < m — k, m — miniJi. This yields that for all k, {ai)i C M, 

k / k 

(4) 



^^a^Si = max( |ai| + ^ |aj| J . 

1 * ^ i+l ^ 



i+l 

All that remains is to show that Proposition 3.1 applies to (cj) and (si). (si) is 
2-equivalent to the unit vector basis of £i. Set 

^3 = (D^-^e + (D^-s? + (D^-ss + fsg , etc. 
In general Xn has the same distribution as 

(3) ^l+ls) ^2 +(3) S3 + •• -+35^+1 

and is a block basis of (si). It is easy to check by (4) that = 1 and 

lim^ lla^nll^i = 2. Also (xn) is Cauchy in distribution since for n < m 

dix^,x^)<iir+^{iy+iir ■ □ 

n+l 

Remark Jf..2. The above argument yields the following. Let (x^) be a normalized 
basic sequence having spreading model (cj) equivalent to the unit vector basis of 
£x. Let 



K = sup<^ ^ \ai\ : ^ 



1 



= 1 
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Let Eq be the completion of (cq : q E Q) under || fliCgJI = || Yli '^i^iW ?i < 
■ ■ ■ < Qn- Suppose there exists x G Eq with ||a;|| = 1 and \\x\\£-^ — K. Then there 
exists a normahzed block basis (j/j) of {xi) having spreading model 1-equivalent 
to the unit vector basis of li. However such an x need not exist (consider ||a;|| = 

Iklico + Iklki)- 

Remark 4-3. \i \ ■ \ is any equivalent norm on T then for all e > there exists a 
spreading model of a normalized block basis of (cj) which is 1 + £-equivalent to the 
unit vector basis of li. In fact one has [BL, p. 43] more generally if (e^) is a basic 
sequence with spreading model equivalent to the unit vector basis of £i, then for 
all £ > there exists a spreading model of a normalized block basis of (cj) which is 
(1 + £)-equivalent to the unit vector basis of li. 

In [OS] it is proved that if X does not contain li then X can be renormed so 
that if (si) is a spreading model of a normalized sequence [xn] then + S2II = 1 
implies that {xn) is not weakly null. Here we give an explicit renorming of T with 
this property. 

Proposition 4.4. T can he given an equivalent norm ||| ■ ||| satisfying that if 
is a spreading model of a normalized block basis of (T, ||| • ||| ) then 

lllsi + sai < 2 . 

First we construct an equivalent norm for T. Fix < < 1/2 and let || • || be 
defined on cqo by the implicit equation 

(1) 

l^ll — ll^lloo V sup<( - y \\EiX^ + qrsiQx. ^EjX^ : n £ N and n < Ei < ■ ■ ■ < E^ 



f 1 

o / ll-^i^ll + ^max \\Ej 

I 2 ^ j<n 

^ 1=1 



As in [FJ] II • II extends to a norm on the completion X of (cqo, || • ||) which satisfies 
(1) for all X E X. We postpone the proof of our next proposition which says that 
X is T under an equivalent norm for certain q. 
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Proposition 4.5. || ■ || is an equivalent norm onT if {-^ + qY < \- 
Given n e N and x e cqo set 

\x\n = maxj^ \\Eix\\ : n < Ei < ■ ■ ■ En^ 

and 

fl 

||a;||^ = max< - / \\Eix\\ + gmax ||£^oa;|| : n < Ei < ■ ■ ■ < E^, 

I 2 ^ j<n 
^ 1=1 

As usual we let (cj) be the unit vector basis of cqq. 

Lemma 4.6. Let (ui) be a block basis of (e^) satisfying: for all s > there exists 
m G N with 1 > linijj^oo IVnlm > 1 — £• Then limsup^^oo WVnW > 1- 

Proof. By passing to a subsequence we may assume that for all m e N, 

lim \yn\m =: 1 - £m where £m i . 



We may also assume that for any n > m there exists sets m < e[^'"'^ < ■ ■ ■ < 
Eln'""^ SO that 

m 

(1) l-2Sm<^Yl W^t'^^ynW < \yn\m ■ 

3 = 1 

Furthermore we may assume that there exists a subsequence M of N such that if 
m < m' are integers in M then for all n> m' and i < m' there exists j < m with 

we can first choose sets to satisfy (1) with lower estimate 
"1 — |£rn-" If mi < • • • < mfc in M have been chosen we then choose nik+i so 
large that the chosen sets for ruk+i can be split, if necessary, up to mi + • • • + 
additional times by first deleting, if necessary, the smallest mi + ■ ■ ■ + nik terms of 
the form at a cost of at most £rn/2. 
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Choose £o > SO that 2(i + q){l — eq) > 1 and choose mo G M with 2emo < ^o- 
Thus for n > mo 

mo 



(2) Q+5)Ell^^°'"^^nll>2(l + 5)(l-^o) 



mo 

^{m,n) 



>1= hm hm I V V ll^^r ynll . 

mGM i^i 

From (2) we see that for some subsequence M' of M we have for some io < mo 
(1+9) hm^ ||i?ir'"^2/n|| > lim, hm, i J] H^^f '^^^nll • 

nGM' ° meM'neM' -l^-^ 

n— »oo m— >oo n^cx) JS"^ 



Thus 



hm sup 1 1 y„ 1 1 > hm sup hm sup 



m— »oo n— »oo 



> limsuplimsup | E ll-^i"^'"^''2/n|| = 1 • D 



m— >oo n— >oo . , 
1=1 



IS 



Proof of Proposition 4-4- 

Let II • II be the norm given in Proposition 4.5 (for some fixed q) . Let ||| • ||| = || • || + 1 
where |a;| = sup{i Yl7=i '■ n < Ei < ■ ■ ■ < En}, i.e., |a;| = sup„ \x\n- ||| 

an equivalent norm on T. Let (xn) C T be a ||| • ||| semi-normahzed bfock basis of 
(ci) with a spreading model (sn)- We shall prove that ||| Si + S2III < 2||| si||| . 

If not then we may assume that ||a;n|| = 1 for all n, lim^ = A, limTn^oo hm^^oo \xm+ 
Xn\ = 2^1 and lim^^oo linin^oo ||a^m + a^nll = 2. By passing to a subsequence using 
Ramsey's theorem we may assume that for all m e N there exist £1 (m) e N so that 

\\Xm +Xn\\ = \\Xm + Xn\\i^{m.) whcneVCr Ul < U. 

Also we note that A < 1. Otherwise Lemma 4.6 could be applied to a suitable 
subsequence of (xn) to yield limsup^_,oQ ll^^nll > 1- 
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For each m < n choose i{m, n) < £i{m) and £i{m) < E^'''^' < • • • < -E^^^-j with 

\\Xm + xJ^C^+q)\\Ell2%{Xm+Xr.)\\ + l J] HEi"^'") (x^ + X„) || 

i^i{m,n) 

By passing again to a subsequence we may assume that we have one of the 
following three cases. 

Case 1. For all m < n, E^^^^^ fl supp(a;n) = 0- 
In this case 

lim lim \\xm + Xn\\ < lim lim {\xn\ + ||^Cm||) = A + 1 < 2 , 

m— >oo n— >oo m^oo n— >cxd 

a contradiction. 

Case 2 is handled similarly. 

Case 2. For all m < n, E^^"^^^ n supp(a;^) = 0. 

Case 3. For all m < n 

Since A < 1 we may assume by similar considerations to those in cases 1) and 2) 
that there exists £o > with for all m < n 

(1) (I + l) Il4rn)--ll > ^0 and (I + g) H^Xn)--!! > • 
Now for m < n, 

i{m,n) — l 

(2) ||3^m~l~^n|| ^ 2 ^ ^ W-^i ^Xm\\ 

i=l 

£l(m) 

+ i ^ ll^^'"^^n|| < 2 . 
i=i(m,n) + l 
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Since linij^^oo lim^^oo W^m + Xn\\ = 2 we may assume 



lim lim WElT^f'Uxm + Xr 

m— »oon— >oo H'")"; 



lim lim 

m— >oo n— >oo 



I ^ II 1 II ^ I 



Thus by once more passing to a subsequence we may assume that for all m there 
exists £2 (m) so that ii m < n then 



rp{^,n) II ^ II p(m,nj n i ^» _ „ _ U 



T(m,n) 



£0 



Now for each m if n is sufficiently large (e.g., if minsupp(xn) > £i{m) +£2(to)) then 



Fnll ^ ||-C/j(^^„)a:n|U2(m) ^^ 2 H-^i 



— V ^ 2/11 i(m,n) 



i=i(m,n) + l 

^(1-5-^) 



^i(m) 

-L -L nMlF^"^''^^ T II -I- 1 "S^ ||f('^''^)t. I 
+ [2 + 1) \\^i(m,n)^n\\ + 2 2^ ll-^i ^^1 

i=i(m,n)+l 



As m — ^ 00, m < n the last line converges to 1 by virtue of (2). From (1) we have 
ll-^i(m'n)'^^ll ^ ^0" Thus the entire expression is, in the limit, 

>(l-^-l)| + l>l> 



a contradiction. □ 

Proof of Proposition 4-5. 

For < c < 1 define the following (implicit) norms on cqo- 



N^^\x) = ll^lloo V maxj i ^ N^^\Eix) + cN^^\Ei^x) 

^ i=i 



n < El < ■ ■ • < En , 1 <io <n 
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(1), 



Thus the norm || ■ || in (1) equals Nc {x) if c = | + 



i=l 



N^^\Fjx) : m < Fi < • • • < F„ 



Ei^_i <Fi , Fm< Ei^+i y.n<Ei<-<En , 1 < io < n 
We also define 

N('\x) = n[%{x) , 

N^^\x) = ||a;||oo Vmaxi i^iV(2)(£;.a;) : n < Ei < ■ ■ ■ < eA , 

^ i=i ^ 

N^'^^x) = \\x\\oo V maxjl ^ N^'^^Eix) : n < Ei < ■ ■ ■ < Esnl ■ 

^ i=i ^ 

We shall prove that A^i^^ and iV^^) 

are equivalent norms when < | and c> ^. 
This will complete the proof. Indeed (cj), the unit vector basis for T is equivalent 
to (esi) ([CJT] or [CS, p.35]) and for aU (a^) e cqo, 

iV^^^(^aiej) = ll^aiCsjllT • 

We establish three claims. 

Claim 1. nP{x) < 2N^^\x) ifc>\. 

The proof is by induction on A; = # supp(a;). If A; = 1 the claim is clear. Assume 
that Nc^\x) < 2N^\x) if # supp(a;) < k. Let # suppa; = k + 1. We may assume 
that 

n 

i=l 
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for some n < Ei < ■ ■ ■ < and I < iq < n with Ei^^x ^ and EjX ^ for some 
j ^ io- Thus we can apply the induction hypothesis to every EiX. 

Case 1. NP{Ei^x) = \\Ei^x\\oo- 
Then by the induction hypothesis, 



nP{x) < 2 



hJ2^c'\E^x) + ^\\E 



lO*^ II CXO 



i=l 



< 2 



n f m 



<2N^\x) . 



< El , Em < Ei^+i 



The second inequahty uses that f < since c> h. 



Case 2. 



for some m < Fi < • • • < Em-, jo < m with Ej^x ^ 0. 

We may assume (aU our norms are 1-unconditional) that Eig_i < Ei < < 
Fjo+i. By the induction hypothesis, 



N^^\x) < 2 



m 

C ^ ,.(2), 



2Ar(2), 



1=1 



< 2 



n m 

< 2N^J\x) , where we have again used that - < c 



This completes the proof of Claim 1. 



Note that if | < c < 1 and < i then N^^\x) < 2N^'t\x) < 2N^'^'>{x) 



r(2) 
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Claim 2. iV(3)(.) < Ar(4)(.) 

The proof is again by induction on A; = # supp(a;). li k = 1 the claim is clear. 
Assume the claim holds for all x with # supp(x) < k and let ^ supp(x) = k + 1. 
We may suppose that for some n < Ei < ■ ■ ■ < E^, N^'^\x) = \ Yll=i N^^^Eix). 
For each i either N^'^\Eix) = \\E jx||go or there exist integers s{%) ^ n{i^ and ?7i(i) 
and sets 

nii) <Ei< . . .< Ei^^_, <Fi< . . .< < Ei^^^, < • • • < E^^,^ 

with m{i) < Fl so that 

s(i) — 1 m{i) '^(*) 

s=l t=l s=s(i) + l 

Thus if we set 

m(i) 

i?+ - u ^« ' = U = U 

s>s(i) s<s(i) j=l 

in the latter case and take E^ = E'^ (and E~ = Ef = 0) in the former we have 

n 

N^^\x) <iYl + N^^\E^x) + N'^'^^E+x) 

< maxjl^iV^^)^^.^) : n < ^1 < ••• < E^snj 

i=i ^ 

< maxh ^N^'^^Eix) : n < Ei < ■ ■ ■ < E^nl 

^ i=i J 



We used the induction hypothesis to obtain the next to last inequality. 
Claim 3. iV(2)(.) < 2iVW(.) 
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As in Claim 2 we may assume that 

i=l i=«o + l J = l 

<2Ar(3)(a;) 

Thus by Claim 2, the result follows. 

The proposition now follows from our claims: 

II • IIt < N^i-) < 2iVe2(2)(-) < 2N^'^\x) < 4iV(^)(-) 

where the second inequality uses that c = \ + q satisfies < |. □ 

Remark. The proof shows that none of our equivalent norms can arbitrarily distort 
T. Moreover they all satisfy | Xi\>\ \xi\ ii n < xi < ■ ■ ■ < Xn- By [OTW, 
Theorem 6.2] such norms do not arbitrarily distort T. 

References 

[AA] D. Alspach and S. Argyros, Complexity of weakly null sequences, Diss. Math. 321 (1992). 
[AO] G. Androulakis and E. Odell, Distorting mixed Tsirelson spaces, preprint. 
[AD] S. Argyros and I. Deliyanni, Examples of asymptotically Banach spaces, preprint. 
[AMT] S. Argyros, S. Merkourakis and A. Tsarpalias, Convex unconditionality and summability 

of weakly null sequences, preprint. 
[BL] B. Beauzamy and J.-T. Lapreste, Modeles etales des espaces de Banach, Travaux en Cours, 

Herman, Paris, 1984. 

[B] B. Bourgain, On convergent sequences of continuous functions, Bull. Soc. Math. Bel. 3 
(1980), 235-249. 

[CJT] P.G. Casazza, W.B. Johnson and L. Tzafriri, On Tsirelson's space, Israel J. Math. 47 
(1984), 81-98. 

[CS] P.G. Casazza and T.J. Shura, Tsirelson's Space, Lectures Notes in Mathematics, vol. 1363, 

Springer- Verlag, Berlin and New York, 1989. 
[E] E. Ellentuck, A new proof that analytic sets are Ramsey, J. Symbolic Logic 39 (1974), 

163-165. 

[FJ] T. Figiel and W.B. Johnson, A uniformly convex Banach space which contains no Ip, 

Comp. Math. 29 (1974), 179-190. 
[J] R.C. James, Uniformly nonsquare Banach spaces, Ann. of Math. 80 (1964), 542-550. 
[O] E. Odell, Applications of Ramsey theorems to Banach space theory, Notes in Banach 

spaces (H.E. Lacey, ed.). University Press, Austin and London, 1980, pp. 379-404. 



A PROBLEM ON SPREADING MODELS 



23 



[OS] E. Odell and Th. Schlumprecht, On asymptotic properties of Banach spaces under renorm- 
ings, preprint. 

[OTW] E. Odell, N. Tomczak and R. Wagner, Proximity to £i and distortion in asymptotic £i 
spaces, preprint. 

[R] H. Rosenthal, A characterization of Banach spaces containing £i, Proc. Nat. Acad. Sci. 
(U.S.A.) 71 (1974), 2411-2413. 



